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Abstrat
We present a losed formula for a family of ⋆-produts by replaing
the partial derivatives in the Moyal-Weyl formula with ommuting vetor
elds. We show how to reprodue algebra relations on ommutative spaes
with these ⋆-produts and give some physially interesting examples of
that proedure.
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1 Introdution
The general idea of a ⋆-produt is to introdue an invertible map Ω from a
funtion spae to an algebra and then to pull bak the algebra produt between
the two operators Ω(f), Ω(g). This results in the so alled ⋆-produt between
the two funtions on the funtion spae
f ⋆M g = Ω
−1(Ω(f)Ω(g)) (1)
whih is both linear and assoiative.
The most ommonly used ⋆-produt is the Moyal-Weyl ⋆-produt, for whih
we take RN for the manifoldM and parametrise it by N oordinates xi. Further
let θij = const. (i, j = 1 · · ·N) be a onstant and antisymmetri matrix, then
f ⋆ g =
∞∑
n=0
(ih)n
2nn!
θi1j1 · · · θinjn∂i1 · · ·∂inf ∂j1 · · · ∂jng (2)
is a ⋆-produt between the funtions f and g on RN .
To dene more general ⋆-produts we takeM to be an arbitrary (suiently
smooth) nite dimensional manifold. A ⋆-produt on M is an assoiative, C-
linear produt on the spae of funtions (with values in C) on M given by
f ⋆ g = fg + h2B1(f, g) + (
h
2 )
2B2(f, g) + · · · (3)
where f an g are two suh funtions and the Bi are bi-dierential operators on
M . The parameter h is alled deformation parameter. There is a natural gauge
group ating on ⋆-produts onsisting of C-linear transformations on the spae
of funtions
f → f + hD1(f) + h2D2(f) + · · · (4)
where the Di are dierential operators. They may be interpreted as a general-
izations of oordinate transformations. If D is suh a linear transformation it
maps a ⋆-produt to a new one by
f ⋆′ g = D−1(D(f) ⋆ D(g)). (5)
⋆-produts related in suh a way are alled eqivalent.
If one expands equation (5) in h one gets that a linear transformation D
ating on ⋆ only aets the symmetri part of B1
B′1(f, g) = B1(f, g) +D1(fg)− fD1(g)−D1(f)g. (6)
Sine one an show that the symmetri part of B1 may be anelled by a linear
transformation we may assume B1 to be antisymmetri. Sine ⋆ is assoiative,
the ommutator
[f ⋆, g] = f ⋆ g − g ⋆ f = hB1(f, g) + · · · (7)
2
is a derivation with a Leibniz rule
[f ⋆ g ⋆, h] = f ⋆ [g ⋆, h] + [f ⋆, h] ⋆ g. (8)
Up to rst order this means that the antisymmetri part of B1 is a derivation
with respet to both funtions f and g. Additionally, sine the ⋆-produt is
assoiative, the Jakobi-identity is fullled
[f ⋆, [g ⋆, h]] + [h ⋆, [f ⋆, g]] + [g ⋆, [h ⋆, f ]] = 0, (9)
whih implies up to seond order that B1(f, g) is a Poisson struture {. , .} with
{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0. (10)
After a ertain linear transformation we therefore an always write for the ⋆-
produt on a loal path of the manifold
f ⋆ g = fg +
ih
2
Πij∂if ∂jg + · · · (11)
with
Πil∂lΠ
jk +Πkl∂lΠ
ij +Πjl∂lΠ
ki = 0. (12)
Therefore we an lassify ⋆-produts up to seond order by Poisson strutures
on the manifold. The other way around it is even more interesting: if there is
a manifold with a given Poisson struture {., .}, it is possible to onstrut ⋆-
produts with
f ⋆ g = fg +
ih
2
{f, g}+ · · · . (13)
This was rst done for sympleti manifolds (manifolds with invertible Πij) in
[3, 7℄. In [11℄ a general onstrution for arbitrary Poisson manifolds is given
(see also [1℄).
In the following we onstrut an assoiative (proof in setion 3) ⋆-produt
whih provides a generalization of the Moyal-Weyl produt (2) by replaing the
partial derivatives with ommuting vetor elds, sine they have similar prop-
erties. For this we give some guiding examples in two dimensions to see that
even in this simple ases interesting algebra strutures arise. Furthermore we
propose a method to alulate ⋆-produts that reprodue - even for more om-
pliated deformed algebras - the algebra relations in the aording ommutative
spaes. With this method we get losed expliit formulas for the ⋆-produt for
a generalization of M(soa(n)), whih might be useful for theories like [4, 5℄ and
also for the physial relevant M(soq(3)).
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2 Algebras and ⋆-produts
The spae of funtions on RN together with the ⋆-produt (2) forms a represen-
tation of the algebra
A = C<xˆ1, · · · , xˆN > /([xˆi, xˆj ]− ihθij), (14)
sine [xi ⋆, xj ] = ihθij . It is interesting to nd ⋆-produts for other relation-
dened algebras like algebras with Lie algebra strutures
[xˆi, xˆj ] = ihCijkxˆ
k, h, Cijk ∈ C (15)
and quantum spae strutures [2, 15, 18, 19℄ with
xˆixˆj = qRijklxˆ
kxˆl, q = eh, Rijkl ∈ C. (16)
Instead of onsiderering these speial relations we disuss a more general
ase. We assume that the algebra A is generated by N elements xˆi and relations
[xˆi, xˆj ] = ˜ˆcij(xˆ) = ihcˆij(xˆ) (17)
where we assume that the right hand side of this formula is ontaining a parame-
ter h and that it is getting small as this parameter vanishes. The mathematially
orret ontext would be a h-adi expanded algebra
A = C<xˆ1, · · · , xˆN > [[h]] /([xˆi, xˆj ]− ihcˆij(xˆ)) (18)
where it is possible to work with formal power series in h. Note that this kind
of algebras all fulll the Poinare-Birkho-Witt property sine a re-ordering
of two xˆi never aets the polynomials of same order in h. An algebra with
Poiare-Birkho-Witt property possesses also a basis of lexiographially or-
dered monomials. For an algebra generated by two elements xˆ and yˆ this means
that the monomials xˆnyˆm onstitute a basis.
3 ⋆-produts with ommuting vetor elds
Let X be a vetor eld. It is easy to show that
X i(x)
∂
∂xi
(f(x) g(x)) = (X i(y)
∂
∂yi
+X i(z)
∂
∂zi
) (f(y)g(z))
∣∣∣∣
y→x,z→x
. (19)
To write the rhs in a more ompat way we introdue the following notation
X1f1g1 = (X2 +X3)f2g3|2→1,3→1 . (20)
With this we an derive a Leibniz rule
X l1f1g1 = (X2 +X3)
lf2g3
∣∣
2→1,3→1
(21)
P (X1)f1g1 = P (X2 +X3)f2g3|2→1,3→1 (22)
4
where P is a polynomial in the vetor elds. The last equation an also be
written in the form
P (X1)
(
f2g3|2→1,3→1
)
= P (X2 +X3)f2g3|2→1,3→1 . (23)
We now take n ommuting vetor eldsXa = X
i
a∂i, i.e.[Xa, Xb] = 0. In this ase
loally a oordinate system ya(x) with Xa = ∂ya always an be found. Globally
this does not have to be the ase. Further let σab be a onstant matrix. Then
we dene a ⋆-produt via
(f ⋆ g)|1 := eσ
abXa2Xb3f2g3
∣∣∣
2→1,3→1
. (24)
To prove the assoiativity we alulate
(f ⋆ (g ⋆ h))|1 = eσ
abXa2Xb3f2
(
eσ
cdXc4Xd5g4h5
∣∣∣
4→3,5→3
)∣∣∣∣
2→1,3→1
= eσ
abXa2(Xb4+Xb5)f2e
σcdXc4Xd5g4h5
∣∣∣
4→3,5→3,2→1,3→1
(25)
= eσ
abXa1Xb2+σ
abXa1Xb3eσ
cdXc2Xd3f1g2h3
∣∣∣
2→1,3→1
and
((f ⋆ g) ⋆ h)|1 = eσ
abXa1Xb2
2
(
eσ
cdXc3Xd4f3g4
∣∣∣
3→1,4→1
)
h2
∣∣∣∣
2→1
= eσ
ab(Xa3+Xa4)Xb2eσ
cdXc3Xd4f3g4h2
∣∣∣
3→1,4→1,2→1
(26)
= eσ
abXa1Xb3+σ
abXa2Xb3eσ
cdXc1Xd2f1g2h3
∣∣∣
2→1,3→1
,
where in the seond step we used the relation (23). The two expressions are
equal sine the vetor elds ommute aording to our assumption, so our new
⋆-produt is assoiative.
For an antisymmetri matrix σ we get for the ⋆-ommutator
[f ⋆, g] =
(
eσ
abXa1Xb2 − e−σabXa1Xb2
)
f1g2
∣∣∣
2→1
= 2 sinh(σabXa1Xb2)f1g2
∣∣
2→1
. (27)
In the ase of two vetor elds, whih we all X1 = X and X2 = Y , the expliit
formula for σ12 = h, σ21 = 0, the asymmetri ⋆-produt, reads as
f ⋆ g =
∞∑
n=0
hn
n!
(Xnf) (Y ng), (28)
while for σ12 = h2 , σ
21 = −h2 we get
f ⋆ g =
∞∑
n=0
hn
2nn!
n∑
i=0
(−1)i
(
n
i
)
(Xn−iY if) (X iY n−ig), (29)
whih yields the antisymmetri ⋆-produt. Both ⋆-produts have the same Pois-
son tensor Πij = σabX ia ∧ Y jb .
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4 Linear transformations
If we have already a ⋆-produt, we have seen that we an produe a new ⋆-
produt just by a linear transformationD on the spae of funtions (5). Suppose
that D is suh an invertible operator and that its expansion in derivatives starts
with 1. We here assume, that D is of the form
D = eτ(Xa) , D−1 = e−τ(Xa) (30)
where τ is a polynomial in the vetor elds Xa. The Xa are still the ommuting
vetor elds we used in the last setion. Then for the ⋆-produt (24) we see that
f ⋆′ g = D−1(D(f) ⋆ D(g))
= e−τ(Xa1)
(
eσ
abXa2Xb3eτ(Xa2)f2e
τ(Xa3)g3
∣∣∣
2→1,3→1
)
(31)
= e−τ(Xa2+Xa3)+σ
abXa2Xb3+τ(Xa2)+τ(Xa3)f2g3
∣∣∣
2→1,3→1
.
For τ only quadrati in the Xa (note that τ
ab
2 an be assumed to be symmetri,
sine aording to the assumption the vetor elds ommute)
τ = τa1Xa +
1
2
τab2 XaXb (32)
we have
τ(Xa1) + τ(Xa2)− τ(Xa1 +Xa2) = −τab2 Xa1Xb2 (33)
and the new ⋆-produt beomes
f ⋆′ g = e(σ
ab−τab
2
)Xa1Xb2 f1g2
∣∣∣
2→1
(34)
We see that the antisymmetri ⋆-produt (29) and the asymmetri ⋆-produt
(28) are related by a linear transformation in funtion spae and therefore are
equivalent.
5 Examples in two dimensions
We hoose two ommuting vetor elds and alulate the relations of the ⋆-
produt algebra with the asymmetri ⋆-produt (28).
X = x∂x , Y = ∂y
We take h = ia and get with that
x ⋆ x = x2, y ⋆ y = y2, (35)
x ⋆ y = xy + iax, y ⋆ x = xy,
6
whih yields
[x ⋆, y] = iax. (36)
This is the algebra of two dimensional a-eulidean spae [4, 5℄. This algebra is
not isomorphi to the two dimensional Heisenberg algebra [x, y] = ih.
X = (a+ bx)∂x , Y = (c+ dy)∂y
For the general linear ase we do analogous alulations and get
[x ⋆, y] = ebd(y +
c
d
) ⋆ (x+
a
b
), (37)
whih is an interesting quantum spae like struture. This example inludes the
ase of the Manin plane.
X = a√
x2+y2
(x∂x + y∂y) , Y = x∂y − y∂x
These are the derivatives ∂r and ∂θ of the oordinate transformation into spher-
ial oordinates r and θ. We get
[x ⋆, y] = a
√
x ⋆ x+ y ⋆ y. (38)
X = a(x∂x + y∂y) , Y = x∂y − y∂x
This is a simpliation of the previous ase. We get
[x ⋆, y] = (tan a)(x ⋆ x+ y ⋆ y), (39)
This algebra does not have the Poinare-Birkho-Witt property if we would set
tana = 1. Therefore a has to be treated as a formal parameter.
6 Reonstrution of algebras
Aording to (7) the ⋆-ommutator of a ⋆-produt is a Poisson tensor up to rst
order
[f ⋆, g] = h{f, g}+O(h2) = hΠ(f, g) +O(h2), (40)
where Π is the Possion-bivetor of the Poisson struture. This we an get from
the relation
{xi, xj} = Πij = cij(x). (41)
On the other hand, assume that this ⋆-ommutator reprodues the algebra re-
lations, then the rhs of the previous equation would be a ⋆-polynomial in the
generators of the algebra, i. e.
[xi ⋆, xj ] = hcij⋆ (x). (42)
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To alulate the leading order of c⋆(x) it is not neessary to know the expliit
form of the ⋆-produt, sine it always starts with the ordinary produt of fun-
tions, so we an substitute c⋆(x) by c(x), whih is the same as in (41).
Now for the speial ase of the ⋆-produts (24) the Poisson struture is
Π = σabXa ∧Xb. (43)
If we are able to write a general the Poisson struture (41) in this form, we an
reonstrut the algebra relations with the help of the ⋆-produt (24). We now
need a general method to nd ommutative vetor elds with the properties
postulated in the previous setions. For this let f be a funtion and Xf = {f, ·}
the Hamiltonian vetor eld assoiated to f . Then the ommutator of two suh
vetor elds is
[Xf , Xg] = X{f,g}, (44)
due to the Jakobi identity of the Poisson braket. If we an nd funtions with
{fi, gj} = δij , {fi, fj} = 0, {gi, gj} = 0, (45)
this implies that all ommutators between the assoiated Hamiltonian vetor
elds vanish. This funtions need not to be unique. One an dedue from the
splitting theorem for Poisson manifolds [17℄ that this is always possible in a
neighborhood of a point if the rank of the Poisson tensor is onstant around
this point. If we do not want to nd a ⋆-produt on RN , but a ⋆-produt with
ertain ommutation relations, we an redue RN by the set of points where the
rank of the Poisson tensor jumps and we have a good hane to nd funtions
with the desired properties on the new manifold. In this ase we an write the
Poisson tensor as
Π =
∑
i
Xfi ∧Xgi . (46)
In the following we present funtions fi and gi for Poisson tensors of several
algebras and use the orresponding Hamiltonian vetor elds in the ⋆-produts
(24). We alulate the resulting algebra relations [. ⋆, .] and ompare them to
the original algebra relations.
7 Examples for reonstrution of algebras
The two examples we present here are just the most telling ones. The other
ones like for the q-deformed Heisenberg algebra[18℄ , the Lie algebra so(3), the
quantum spaesM(soq(1, 3))[12℄, M(soq(4)) [6, 14℄ andM(soq(1, 3)) [9, 10℄ an
be found in [16, 8℄.
7.1 The quantum spae M(soa(n))
Here we investigate the quantum spae introdued in [13℄. Although this quan-
tum spae is ovariant under the quantum group SOa(n), we never use this
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property. We took it beause of its simple relations. Further it has a nontrivial
enter. Sine we are using the n-dimensional generalisation introdued in [4, 5℄
we will simply all it SOa(n) ovariant quantum spae or abreviatedM(soa(n)).
The relations of this quantum spae are
[x̂0, x̂i] = iax̂i for i 6= 0, (47)
with a a real number. The xˆi simply ommute with eah other. In the following
of the example Greek indies run from 0 to n − 1, whereas Latin indies run
from 1 to n− 1. This algebra is a higher dimensional generalization of the two
dimensional algebra we alulated in setion (5). We take RN as the manifold
and use oordinates x0 and xi. With the two dimensional ase in mind we guess
the following vetor elds
X = iaxi∂i, Y = ∂o. (48)
For the asymmetri ⋆-produt (28) we get with this vetor elds
[xi ⋆, x0] = iaxi. (49)
Even more useful is the generalization of the above algebra with the new
relations
[xˆα, xˆβ ] = i(aαxˆβ − aβxˆα), (50)
where aα are now n dierent deformation parameters. For this relations to be
onsistent the Jaobi identities have to be fullled, whih easily an be proven.
Sine the rhs of the relation is linear and we are therefore dealing with a Lie
algebra the Poisson tensor assoiated with the algebra is just
{xα, xβ} = aαxβ − aβxα. (51)
If we want to nd ommuting vetor elds that reprodue this Poisson tensor we
now follow the way outlined in setion 6. The rank of this matrix is 2. Therefore
we have to nd two funtions f, g fullling {f, g} = 1. We make a guess and
dene
f = aαxα x˜α = xα − a
αaβ
a2
xβ (52)
with a2 = aαaα. These funtions fulll ommutation relations very similar to
the speial ase of M(soa(n)):
{f, x˜α} = a2x˜α {x˜α, x˜β} = 0. (53)
If we dene g = 1
a2
ln
√
x˜αx˜α we nd
{f, g} = 1. (54)
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The ommuting vetor elds are now
X = {f, ·} = a2xβ∂β − (aαxα)aβ∂β (55)
Y = {·, g} = −a−2aβ∂β. (56)
In this ase no singularities have shown up and the ⋆-produt an be dened on
whole Rn. Again we may use the asymmetri ⋆-produt (28) and see that the
algebra relations are reprodued.
7.2 The quantum spae M(soq(3))
Our seond example is the ⋆-produt for the quantum spae M(soq(3)), whih
is invariant under the quantum group SOq(3) [12℄. The algebra relations in the
basis adjusted to the quantum group terminology are
zˆxˆ+ = q2xˆ+zˆ, zˆxˆ− = q−2xˆ−zˆ, [xˆ−, xˆ+] = (q − q−1)zˆ2. (57)
and therefore the Poisson brakets are
{z, x+} = 2zx+, {z, x−} = −2zx−, {x−, x+} = 2z2. (58)
For f = 12 lnx
−
and g = ln z we get the desired {f, g} = 1, so the Hamiltonian
vetor elds beome
Xf = z∂z +
z2
x−
∂+, Xg = 2(x
+∂+ − x−∂−). (59)
For the ⋆-produt we take
X = z∂z +
αz2
x−
∂+, Y = x
+∂+ − x−∂−. (60)
For the asymmetri ⋆-produt (28) we get the following algebra relations
z ⋆ x+ = ehx+ ⋆ z, (61)
z ⋆ x− = e−hx− ⋆ z, (62)[
x+ ⋆, x−
]
=
α
2
(e−2h − 1)z ⋆ z. (63)
If we set
q = e
h
2 , α = − 2q
2
q + q−1
(64)
this reprodues the original algebra relations.
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For the antisymmetri ⋆-produt (29) the algebra relations beome
z ⋆ x+ = ehx+ ⋆ z, (65)
z ⋆ x− = e−hx− ⋆ z, (66)[
x+ ⋆, x−
]
= −α
2
(eh − e−h)z ⋆ z. (67)
Again we get bak the original algebra relations, if we set
q = e
h
2 , α = − 2
q + q−1
. (68)
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